Introduction
Spacecraft formation flying has become an attractive topic during the last decade, and extensive effort has been put on this novel technique theoretically and practically. From the existing research literatures, a large number of advantages of the decentralized control algorithms have been shown, such as better system reliability and higher robustness. The control architectures for formation coordination can be categorized into four types, namely, the leader-follower structure, 1 the behavioral based approach, 2 the virtual structure 3 and graph-theoretical based technique. 4 Practically speaking, the spacecraft formation subjects to various uncertainties such as the unknown disturbance and the time-varying inertia moment. Yang et al. 5 accomplished accuracy estimation of the external disturbances by using an extended observer. Considering parametric uncertainties and disturbances, Zhang et al. 6 proposed a sliding mode and adaptive coordinated tracking controller for multiple rigid spacecraft. As for a group of flexible spacecraft, Du and Li 7 employed backstepping control approach to solve the attitude synchronization problem. Neural networks (NNs) show effective performance to approximate the continuous functions over any arbitrary accuracy, which makes it be a favorable technique in nonlinear system controller design. Based on Chebyshev neutral network, Zou et al. 8 proposed a robust control law for the spacecraft in the presence of unknown inertia moment and external disturbances. Fazlyab et al. 9 designed an adaptive fault-tolerant controller for a rigid spacecraft by three-layered neutral network approximation technique. Zhao and Jia 10 developed a finite-time attitude synchronization control algorithm for multiple spacecraft formation by utilizing neural networks and modified fast terminal sliding mode.
Apart from the issues stated above, input saturation caused by the limitation of actuator is another challenge for spacecraft attitude maneuver. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] Su and Zheng 13 proposed globally asymptotic saturated control laws for spacecraft attitude stabilization by modifying traditional proportional-derivative controller. Boskovic et al.
14 constructed a time-varying sliding mode control scheme to achieve attitude stabilization for spacecraft under input saturation and uncertainties. Bustan et al. 15 applied the similar approach to design fault-tolerant attitude tracking control law for a rigid spacecraft. Loria and Nijeijer 16 adopted hyperbolic tangent function to derive bounded output feedback for Euler-Lagrange system. Homogenous system theory combined with hyperbolic tangent function was used to obtain the finite-time coordinated control algorithms for a group of spacecraft formation in Refs. 18, 19 . Zou and Kumar 20 investigated attitude coordinated control problem for multiple spacecraft, where neural network was employed and an auxiliary signal was used to compensate the exceeding value of control torque.
Moreover, time-delay is unavoidable whenever information transfers between neighboring spacecraft due to communication bandwidth limitation and obstructions in space. The ignorance of such phenomenon may degrade control performance and bring unpredictable effect to system stability. Under such circumstance, the need for developing control algorithms with consideration of the communication delays arises. Li and Liu 21 derived the adaptive sliding mode control laws for spacecraft formation with uncertainties and constant non-uniform delays. Zhou et al. 22 proposed a velocity-free decentralized attitude synchronization algorithm with time-varying delays. On basis of the previous research works, coordinated control schemes for spacecraft formation under directed communication topology were carried out. Regardless of external disturbance and parametric uncertainties, Li et al. 23 designed control law by using backstepping technique and finite-time method. The uncertain factors were also neglected in Ref. 24 . For the purpose of handling system uncertainties and unknown disturbances, adaptive attitude synchronization control laws were investigated in the presence of communication delays. [25] [26] [27] Especially, Du and Li 27 proposed attitude synchronized control law for multiple flexible spacecraft, where finite-time control technique was also involved. More recently, input saturation has been considered in the time-delay systems as well. Xu et al. 28 proposed a robust controller for uncertain discrete time-delay system with bounded external disturbances and input saturation. Abdessameud and Tayebi 29 studied synchronization algorithm for Euler-Lagrange systems with communication delays, where the upper bound of control input was related to control gains and the number of formation members. It is worth emphasizing that extending these results to spacecraft formation attitude coordinated problem is not straightforward owing to the inherent coupled nonlinear dynamics of spacecraft.
Inspired by the previous research works, we concentrate on developing attitude coordinated tracking control laws for spacecraft formation with communication delay, external disturbance, inertia uncertainties and even actuator constraints. Although attitude coordinated control problem for spacecraft formation has been widely studied, control strategy taking these above factors into consideration simultaneously can hardly be found, especially when the communication topology is directed. First, a sliding mode attitude coordinated controller is presented for a formation subjected to environmental disturbance, where communication delays are considered explicitly. Then, CNN approximation approach is applied to enhance system robustness to uncertainties and disturbances. Backstepping technique with command filter has been adopted to develop the robust saturated control law. Additionally, the information exchange topology between neighboring spacecraft is supposed to be directed, which not only leads to practical significance but also poses more challenges on controller design.
The organization of this paper is as follows. In Section 2, mathematical model of spacecraft formation attitude system and some preliminaries on graph theory are presented. The main work is stated in Section 3, where two novel attitude coordinated control laws are derived and sufficient conditions for system stability are obtained. Then, the effectiveness of the theoretical results is verified by numerical examples in the following section. Finally, the conclusion and remarks are made in Section 5.
Preliminaries

Spacecraft formation attitude kinematics and dynamics
Unit quaternion is introduced for attitude kinematics of the ith spacecraft
The dynamic model of the ith spacecraft is governed by
where q i ¼ ½q i0 ; q T i T 2 R 4 is the quaternion denoting the rotation from the body frame of the spacecraft to the inertial frame, q i0 and q i 2 R 3 satisfy q
is the angular velocity expressed in the body frame; J i 2 R 3Â3 represents the inertia tensor; u i 2 R 3 and d i 2 R 3 denote the control torque and environmental disturbances acting on the ith spacecraft, respectively.
As attitude coordinated tracking problem is addressed in this article, the reference trajectory for the spacecraft forma- , and we obtain 
Graph theory
We assume that the information exchange of the spacecraft formation is described by a fixed and directed graph GðAÞ ffi fV; E; Ag. Each spacecraft is denoted as a node in the graph, and V ¼ fv i g ði ¼ 1; 2; . . . ; nÞ denotes the set of nodes. E # V Â V presents the set of the edges and A ¼ ½a ij 2 R nÂn is the adjacency matrix of the graph with non-negative adjacency elements a ij . The directed edge ðv i ; v j Þ 2 E exits if there is an available information channel from the ith spacecraft to the jth spacecraft, and thus it has a ij > 0 correspondingly. Otherwise a ij ¼ 0, if node i and node j are not connected. Besides, it is supposed that a ii ¼ 0 for all i ¼ 1; 2; . . . ; n. The Laplacian matrix of the graph G is defined as
Assumption 3. Throughout this paper, the communication graph G of the formation is supposed to be fixed and directed, and contains a spanning tree. Moreover, the reference information can be reached by at least one spacecraft in the formation.
Lemma 1.
31 If the directed graph G has a spanning tree, then 0 is a simple eigenvalue of L Ã with I N as its right eigenvector, and all the other N À 1 eigenvalues have positive real parts.
Main results
As the main results of this paper, two novel distributed attitude tracking control algorithms are proposed for the spacecraft formation with communication delays. First, a sliding mode control law is proposed on the condition that the inertia matrices can be measured accurately and there is no constraint on the actuator torque. Then, improvements are made to accomplish the control objective of developing a bounded control law with high robustness. Neural network is involved to handle the system parametric uncertainties and the external disturbances. Backstepping technique with command filter is adopted to solve input saturation.
Delay-dependent attitude coordinated controller design
In this subsection, the inertia matrix J i is supposed to be precisely known as a prior. The sliding mode manifold s ei ¼ x ei þ eq ei is employed with e being a positive constant. For the ith spacecraft, a sliding mode delay-dependent attitude coordinated control algorithm is proposed:
where T denotes time-varying communication delays between the neighboring spacecraft, which always satisfies
of matrix LL T ; the robust control term Àqsgnðs ei Þ is introduced to restrain external disturbance with the positive constant q satisfying q > d M ; the control gains k 1 , k 2 and k 3 are positive constants satisfying 2ðk 2 þ ek 1 Þk min ðJÞ P e 2 k 2 max ðJÞ, where k min ðJÞ and k max ðJÞ denote the minimum and maximum eigenvalue of matrix J and J ¼ diagðJ 1 ; J 2 ; . . . ; J n Þ.
In order to address the stability of systems with time-delays, the following lemmas are given.
Lemma 2.
32 For a continuous function -ðxÞ and its derivative _ -ðxÞ defined on ½a; b, we have
32 For any symmetric positive definite matrix M 2 R nÂn , constants r 1 and r 2 satisfy r 1 < r 2 , and the vector function t : ½r 1 ; r 2 ! R n such that
Theorem 1. Considering spacecraft formation governed by Eqs.
(1)- (3), if the sliding mode attitude coordinated controller Eq. (7) is adopted and the system parameters are selected to satisfy the following inequalities,
Attitude coordinated control for spacecraft formationThen, the closed-loop system achieves asymptotically stable, i.e. the attitude error and angular velocity error of each spacecraft converge to zero asymptotically.
Proof. Substituting controller Eq. (7) into Eq. (6) and rewriting the closed-loop system into vector form lead to
where Lemma 2 is used and the vectors s e ¼ ½s
A Lyapunov function is constructed as
Due to the fact that 1 þ q ei0 2 ð0; 2Þ, it can be obtained that
Obviously, V 1 is proved to be positive and definite if 2ðk 2 þ ek 1 Þk min ðJÞ P e 2 k 2 max ðJÞ holds. Then, taking the time derivative of V 1 gives 
By using Young's inequality, 33 the following inequalities can be verified: Thus we further get
If jk max ðLL T ÞjI 3nÂ3n À LL T is positive definite and Eqs. (8)- (10) are satisfied, it can be concluded that _ V 1 6 0. Hence, it causes that V 1 is bounded, which implies x e 2 L 2 \ L 1 , q e 2 L 2 \ L 1 , x e ðt À TÞ 2 L 1 and q e0 2 L 1 . Recalling the closed-loop system, we get _ x e 2 L 1 . Additionally, it can be proved that _ q e 2 L 1 from the kinematic model Eq. (5). By using the Barbalat's lemma, 34 it follows that lim t!1 q e ¼ 0 and lim t!1 x e ¼ 0, i.e. the attitude and angular velocity of each spacecraft converge to the reference trajectory asymptotically. h Remark 1. Given Lemma 1 and the fact that the communication topology contains a spanning tree, k max ðLL T Þ is a positive constant. Hence, it leads to jk max ðLL T ÞjI 3nÂ3n À LL T > 0, which guarantees the above analysis.
Remark 2. In Theorem 1, the inertia tensor J i is assumed to be known precisely and the limitation of actuator torque has not been considered. However, such assumptions can barely be satisfied in practical cases. Thus, a robust saturated controller is further derived in the following section.
Robust saturated delay-dependent controller design
In the preceding section, the sliding mode delay-dependent control law is proposed without inertia uncertainties and input saturation. Although the robustness against external disturbance and communication delays is ensured, it is inevitable to bring large gain as the disturbances and uncertainties increase. Nevertheless, the control torque ought to be bounded because of the physical limitation of actuator onboard. There-fore, the necessity of developing control law with input saturation is obvious.
Before the control algorithms are derived, the following assumption is made. Then, the kinematic and dynamic model of the spacecraft formation are reformed:
Assumption 4. The inertia of each spacecraft is divided into
where
The saturated torque is denoted as u 0i ¼ satðu i Þ, which is further defined as
Thus the signal u i will be constraint to an allowable scope u 0 before acting on individual spacecraft. Remark 4. Note that F ei will exit when Q ei is invertible, which implies that detðQ ei Þ ¼ 1 2 q ei0 ðtÞ -0 for t P 0. Thus, the initial state and control strategy should be chosen to guarantee q ei0 ðtÞ -0 for all time.
From Eq. (20) , it can be seen that the nonlinear term D i ðÁÞ is important for system analysis. Given the remarkable performance of neural network for approximating uncertain dynamics and nonlinear functions, the Chebyshev neural network (CNN) is employed to facilitate control law design. Consequently, the unknown function is approximated by
T 2 R 13 ; X i;j implies the jth element of the vector X i ; h i ðX i Þ ¼ ½1; N 1 ðX i;1 Þ; . . . ; N p ðX i;1 Þ; . . . ; N 1 ðX i;13 Þ; . . . ; N p ðX i;13 Þ T 2 R 13pþ1 is the CNN basis function with p being the order of Chebyshev polynomials; W Ã i 2 R 3Â14pþ1 denotes the optimal approximation weight matrix of the output layer. The Chebyshev polynomials can be obtained by using the twoterm recursive formula given by
Assumption 5. The optimal function approximation is bounded so that trðW ÃT W Ã Þ 6 W Ã , where W Ã is a positive constant.
It is clear that as the states of the closed-loop system are driven to the reference trajectory, q ei and v ei converge to zero, and the uncertain term D i ðÁÞ will converge to the reference nonlinear function
show that the CNN approximation error denoted as / i is bounded such that j/ i j 6 /, where / is a positive constant.
To facilitate the backstepping command filter technique, an auxiliary system is introduced:
where # i is the virtual control input; n 1i and n 2i are applied to obtain the saturated control law. We denote Du i ¼ u 0i À u i as the extra part of control signal, which should be compensated in the design procedure. For this purpose, n 1i and n 2i are defined in the form of command filter:
ð25Þ
where g 1 and g 2 are positive constants to be selected. With the filter Eqs. (25) and (26), Du i is involved in system analysis so that the saturated control law can be verified explicitly. The saturated attitude coordinated tracking control algorithm with the adaptive tuning law for estimating the optimal weight matrix is proposed:
a ij ðn 1i ðt À TÞ À n 1j ðt À TÞÞ ð27Þ (3), if control law defined as Eqs. (27) and (28) is adopted and system parameters are selected to satisfy inequalities (29)- (31),
Then, the trajectory of the closed-loop system can be guaranteed to be uniformly ultimately bounded (UUB).
Proof. In order to derive the virtual control signal, the Lyapunov candidate function is selected:
Its time derivative is
The time derivative of V d along Eqs. (24) and (25) is given by
To this end, the Lyapunov function for the closed-loop system is constructed as
Based on the analysis above, the time derivative of V 2 is easy to get:
It
p , which in turn presents that z 1 , z 2 , n 1 and n 2 are uniformly ultimately bounded (UUB). Hence, given the definition of the auxiliary system Eqs. (23) and (24) and the filter Eqs. (25) and (26), we come to the conclusion that the attitude errors q ei and the angular velocity errors x ei are UUB.
Remark 5. In fact, the magnitude of u decreases as the states of each spacecraft converge to the reference trajectory, which ensures that the final value of Du is zero, i.e. lim t!1 Du ¼ 0. Then, it can be deduced from Eq. (26) that n 2 is asymptotically stable, and it also implies that n 1 can achieve asymptotical stability from Eq. (25) . Thus, system Eqs. (23) and (24) reduce to z 1i ¼ q ei and z 2i ¼ v ei À # i after certain time, which is accordant with the conclusion of Theorem 2.
Remark 6. It should be mentioned that to construct the Lyapunov candidate function V d , the communication delay T is used in Eq. (43). However, the appearance of unknown T is acceptable, which would not bring any trouble to control law design, because the exact value of T is related to the selection of control parameters rather than the structure of controller Eq. (27) .
Remark 7.
From the proof procedure, it is noticeable that the distributed control law defined as Eqs. (27) and (28) is free from the restriction of communication topology. Hence, the attitude coordinated tracking can be achieved only if Eqs. (29)- (31) are satisfied. Thus the condition on communication within the spacecraft formation is further relaxed.
Simulation and analysis
A formation of four spacecraft under a fixed directed communication topology is employed in the numerical work. Additionally, the performance of control algorithm in Ref. 35 has been examined as well, which is presented as below:
ij , f ij are positive control parameters; K i is a positive definite weighted matrix; T ij represents the communication delays from the jth spacecraft to the ith space-
denotes the rotation matrix from the desired reference frame to the bodyfixed frame of the ith spacecraft; C ij ðt À T ij Þ ¼ C i C T j ðt À T ij Þ denotes the delayed rotation matrix from the jth body reference frame to the ith body reference frame;
and the definition of matrices C i and C j ðt À T ij Þ can be deduced. Given a vector x ¼ ½ðxÞ 1 ; ðxÞ 2 ; ðxÞ 3 2 R 3 , the matrix C is defined as follows T . The communication topology is described in Fig. 1 , where ''SC1", ''SC2", ''SC3" and ''SC4" represent the four spacecrafts in the formation. The communication time-delay between the neighboring spacecraft is supposed to be T ¼ 0:15 sinð0:02tÞs. Without loss of generality, the external disturbance is selected as The response curves of closed-loop system by using controller Eq. (7) Attitude coordinated control for spacecraft formationity errors of each spacecraft. And it can be observed that the attitude tracking error converges to zero with the precision of jq eiw j < 6 Â 10 À3 ðw ¼ 1; 2; 3Þ in less than 20 s.
The performance of angular velocity tracking during the transient phase and the final accuracy are acceptable. The time history of the control torques under controller Eq. (7) is From  Fig. 5 , it is observed that the attitude tracking errors drop to the attraction of jq eiw j < 2 Â 10 À2 ðw ¼ 1; 2; 3Þ within 40 s.
The corresponding angular velocity errors are given in Fig. 6 , and the response curves of control torque are described in Fig. 7 . Compared with the performance under control law Eq. (7), the final precision of attitude tracking has been reduced whereas the control torque remains the same level. Hence, the conclusion can be made that the proposed controller Eq. (7) guarantees better robustness and higher accuracy. System performance under the robust saturated delaydependent controller (denoted as RSDDC) is presented in Figs. 8-10 . The control parameters are chosen as g 1 ¼ 5,
05. The attitude tracking errors are presented in Fig. 8 , from which it can be seen that the vector parts of q ei drop to a small region around zero, i.e. jq eiw j < 7 Â 10 À3 ðw ¼ 1; 2; 3Þ at 20 s. The angular velocity tracking errors are recorded in Fig. 9 , correspondingly. Fig. 10 presents the actual control torque under the RSDDC with the maximum allowance of u 0 ¼ 2 N Á m. It shows that the control signals calculated by RSDDC have exceeded the given upper bound at the beginning. However, the actual control torque can be constrained within AE2 N Á m during the whole simulating period. Then, control torques decrease into the allowable scope as the state errors illuminate, which reduce to a small region of zero finally. Although the control torque of the RSDDC has been cut down considerably compared with that in Fig. 4 , system performance has not been degraded.
In order to compare system performance, the allowable bound of control torque generated by control law Eq. (47) should be set as same as that under RSDDC, i.e. ju iw j max ¼ 2 N Á m. The control parameters are chosen as the former case, and thus the work in the following Figs. 11-13 is carried out. The attitude tracking errors are shown in Fig. 11 , which imply that the vector parts of quaternion converge to a close neighborhood around the equilibrium, i.e. jq eiw j < 2 Â 10 À2 ðw ¼ 1; 2; 3Þ at 40 s. The angular velocity errors are shown in Fig. 12 , and the response curves of control torque with constraint are described in Fig. 13 . It is observed that the control toque is restricted within AE2 N Á m during the simulation period. However, the attitude tracking accuracy is apparently lower than that of RSDDC. Thus the superiority of the proposed robust saturated delay-dependent controller has been illustrated.
The effectiveness of the two attitude coordinated control laws for spacecraft formation with communication delays are verified by summarizing both cases above. Moreover, better robustness and faster response speed can be achieved by using the robust saturated control algorithm.
Conclusions
(1) The attitude coordinated tracking problem for the spacecraft formation is studied in this article, where inertia uncertainties, external disturbances, input saturation and communication time-delay are taken into accounted simultaneously. (2) With the Lyapunov-Krasovskii approach, two attitude coordinated control laws are developed under the fixed directed topology, thus communication delays are explicitly addressed and overcome. Moreover, the delay-dependent control schemes reduce the conservatism of the concerned system. (3) In addition, the time-delay between different formation members are supposed to be symmetrical, which limits the feasibility of the proposed algorithms. Hence, asymmetric communication delays and control strategies under switching topology will be further investigated in our future research work.
